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Abstact —A graph with n vertices is said to
be strongly*-graph if its vertices can be assigned
the values {1,2,...,n} in such a way that when
an edge whose end vertices are labeled i and j, is
labeled with the value i+ j+1j such that all edges
have distinct labels. Here we derive some snakes
related strongly*-graphs.
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I. INTRODUCTION

Here graph G is considered as a simple,
finite, undirected graph.

Definition 1.1. [/] A graph G with n ver-
tices is said to be strongly*-graph if there
is a bijection [ : V(G) — {1,2...,n}
such that the induced edge function f* :
E(G) — N defined as f*(e = wv) =
fu)+ f(v)+ f(u)- f(v) is injective. Here
f is called strongly*-labeling of graph G.

II. MAIN RESULTS

Definition I1.1. /2] A triangular snake T,
is obtained from a path P, by replacing
each edge of the P, by a cycle Cs.

Definition IL.2. /4] An alternate triangu-
lar snake A(T,,) is obtained from a path
P, by replacing each alternate edge of P,
by a cycle Cs.

Theorem I1.1. Alternate triangular snake
A(T,) is strongly*-graph.
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Proof. Let A(T,) be the alternate
triangular snake obtained from a path P,
with consecutive vertices {uy, ug, ..., uy,}
by joining u; and u,y; with new vertex v;
alternatively, 1 <i <n-—1, 1 <j < [F].
To define vertex labeling function
[ VIAT)) — {12, [V(A(TL))[}
we consider the following cases.
Case 1: Triangle in A(7},) starts from u;.
Note that in this case |V(A(T),))| =
2] + n and |E(A(T),)) =
2n — 1, if n is even.
2(n—1), if nis odd.
flu)) = 5] +n, 1 <0 <n.
fu)=3j -1, 1<j<[3]
Strongly*-labeling of A(T,,) in this case
is shown in Figure 1.

Case 2:Triangle in A(7,,) starts from us.
Subcase 1: n is odd.

Defined as case-1.

Subcase 2: n is even.

Note that [V(A(T,))] = 2% — 1 and
|E(A(T,))| = 2n =3

flu) =% —-1,1<i<n.

Flo) =35, 1< < 1),
Strongly*-labeling of A(T,,) in this case
is shown in Figure 2.

Here the vertex labels produced by la-
beling f in A(T,) are strictly increasing.
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Hence obviously edge labels produced by
Fr(uv) = f(u) + f0) + f(u) - f(v) are
increasing for all pair of vertices v and v in
A(T,). Hence the edge labels produced are
all distinct. So, the labeling pattern defined
above satisfies the conditions of strongly *-
labeling. i.e. A(T},) is strongly*-graph.

]

Definition IL3. /3] A double triangu-
lar snake DT, consists of two triangular
snakes that have a common path.

Theorem 1L.2. Double triangular snake
DT, is strongly*-graph.

Proof. Let {uy,us,...,u,} be successive
vertices of P, in DT, where wu; is
adjacent to u;41, 1 < ¢ < n — 1. Join u;
and wu,;,1 with two new vertices v; and w;,
1<i<n-—1.

Here, |V(DT,)| = 3n — 2 and
|E(DT,)| =5(n—1).

We define vertex labeling function
f - V(DT,) — {1,2,...,|V(DT,)|} as
follows.

flu;)) =3i—2,1<i<n.

flv)=3i—1

Strongly*-labeling of D7, is shown in
Figure 3.

}1§i§n—1.

Since the vertex labels are strictly in-
creasing, for any pair of adjacent vertices
(wi,v;) and (us,u;), we have (f(u;) +
F(0,) + Flu) flv)) # (Flug) + Flur) +
flug) f(u)) = fr(uvy) 7 [ (usvr).
Hence above defined labeling pattern sat-
isfies the conditions of strongly*-labeling.
1.e. Double triangular snake is strongly*-
graph. [

Definition I1.4. [4] An alternate double
triangular snake DA(T,) consists of two
alternate triangular snakes that have com-
mon path.
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Theorem I1.3. Alternate double triangu-
lar snake DA(T,) is strongly*-graph.

Proof. Let DA(T,) be the alternate
double triangular snake obtained from
a path P, with consecutive vertices
{uy,ug,...,u,} by joining wu; and
u;y1 with two new vertices v; and
w; alternatively, 1 < ¢ < n — 1 and
1<j<|3]

In this case we define vertex
labeling function f V(DA(T,)) —
{1,2,...,|V(DA(T,))|} as follows.

Case 1: Triangle in DA(T,,) starts from

Uuq.

Note that |\V(DA(T,))| =
2n, if n is even.
2n — 1, if n is odd.

and |E(DA(T,))| =
3n —1, if n is even.
3n — 3, 1if n is odd.
flu))=2i—1,1<i<n.

fv;) =45 -2, . on
flwy) = 4, }1§‘7§ )

In this case strongly*-labeling of DA(T},)
is shown in Figure 4.

Case 2:Triangle in DA(T,,) starts from
Ua.

Subcase 1: n is odd.

Defined as case-1.

Subcase 2: n is even.

Note that |V(DA(T,))| = 4n — 2 and
|[E(DA(T,))| = 3n — 5.

flu) =1.

flu)) =2(i—-1),2<i<n.

fo)=4-1.1. _ _n
f(wy) =4j+1,} teislzl

In this case strongly*-labeling of DA(T},)
is shown in Figure 5.

It can be easily observed that if ver-
tex labels are in increasing order so, the
produced edge labels are also increasing.
So, they produced different edge labeling.
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Hence above defined labeling pattern sat-
isfies the conditions of strongly *-labeling.
i.e. DA(T,) is strongly*-graph.

]

Definition IL.5. /3] A quadrilateral snake
Q) is obtained from a path P, by replac-
ing each edge of P, by a cycle Cy.

Theorem I1.4. Quadrilateral snake (), is
strongly*-graph.

Proof. Let P, be the path of
{uy,us,...,u,} to construct @,, join u;
and wu; 1 (alternatively) to two new vertices
v; and w; by the edges u;v;, u;+1w; and
vw;, 1 <1 <n-—1.

Here |V(Q,)] = 3n — 2 and
B(Qn)] = 4(n - 1).

We define vertex labeling function

[ V(Qn) — {L2,....[V(Qn)]} as
follows.
flu;)) =3i—2,1<i<n.
flu)=3i—1, )
Flws) = 3i, }1§z§n—1.

Strongly*-labeling of (), is shown in
Figure 6.

Here every edge of P, is an edge of
cycle Cy having the vertices w;, v;, w;
and wu;y; which are labeled in strictly
increasing. So, it is obvious that for any
pair of adjacent vertices produce different
edge labeling for defined function. So,
they satisfies the conditions of strongly *-
graph. i.e. (), is strongly*-graph.

[

Definition I1.6. [4] An alternate
quadrilateral snake A(Q,) is obtained
from a path P,, each alternate edge of
P, is replaced by a cycle C\.

Theorem IL.5. Alternate quadrilateral
snake A(Q),) is strongly*-graph.

Proof. Let A(Q,) be the alternate
quadrilateral snake obtained from a
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path P, with consecutive vertices
{uy,us,...,u,} by joining u; and u;q
(alternatively) with new vertices v; and
wj, 1<i<n-—1land 1 <5< (5]
To define vertex labeling function
F i VIA@) = {12, [V(AQu)]}
we consider the following cases.
Case 1: Quadrilateral in A(Q,) starts
from u,.
Note that [V (A(Qn))] =

2n, if n is even.

2n — 1, if n is odd.

and  |E(A(Qn))]

57” -1, if n is even.
5(n—1), if nis odd.
21, if 7 is even.
flu) =

2 —1, ifiis odd.
)= 4j -2

In this case strongly*-labeling of A(Q),)
is shown in Figure 7.

Case 2:Quadrilateral in A(Q),,) starts from
Ua.

Subcase 1: n is odd.

Defined as case-1.

Subcase 2: n is even.
Note that |V(A(Qn))| = 2(n — 1) and

|E(A(Qn))] = % — 4.

flu))=2>i—-1),1<i<n.
f(vj):4j_17 . n
Fw;) = 4], }1““5*

In this case strongly*-labeling of A(Q),)
is shown in Figure 8.

In above cases every alternate edge of
path is related to cycle C, and defined
labeling function f for A(Q,,) are strictly
increasing. So, the induced edge labels by
S (uivg) = fui) + f(v5) + f(wi) - f(05),
Fr(wivg) = f(w;) + f(v) + f(wy) - f(v),
[ (uwy) = (uz + fwy) + fuwi) - f(wy)
and f*(uiwip1) = f(ui) + f(wiv) + fui) -
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f(u;y1) are increasing and distinct for all
pair of adjacent vertices (u;, wit1), (u;, v;),
(wj,vj) and (wj,u;+1) in A(Q,). Hence
above defined labeling pattern satisfies
the conditions of strongly*-labeling. i.e.
A(Q,) is strongly*-graph O

Definition I1.7. [3] A double quadrilateral
snake DQ),, is consist of two quadrilateral
snakes that have common path.

Theorem 11.6. Double quadrilateral
snake D@, is strongly*-graph.

Proof. Let P, be the path of
{uy,ug,...,u,} to construct DQ,,
join u; and ;4 (alternatively) to four new
vertices v;, w;, v, and w) by the edges
UiViy Uip Wiy ViW;, WV, Uipqw, and viw),
1<i<n—1.

Here |V(DQ,)| = 5n — 4 and
BE(DQ)| = 7(n—1).

We define vertex labeling function
f:V(DQ,) — {1,2,...,|V(DQ,)|} as
follows.

f(v;) = bi — 3,

fw;) =5i—2, »

fv)) =5i+1, 1<i<n-1
f(wy) = 51,

Strongly*-labeling of D@, is shown in
Figure 9.

Here every edge of P, is an edge of cy-
cle Cs with one chord having the vertices
Ui, Vi Wy, Uis1, w, and v, which are labeled
in strictly increasing. So, it is obvious that
for any pair of adjacent vertices (u;,v;),
(vi, wi), (ui; i), (wi, vj), (Wi, uz41) and
(u;, v}) produce different edge labeling for
defined function. So, they satisfies the con-
ditions of strongly *-graph. i.e. D@, is
strongly*-graph.

]
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Definition IL.8. [4] An alternate double
quadrilateral snake A(DQ),,) is consist of
two alternate double quadrilateral snakes
that have common path.

Theorem IL.7. Alternate double quadrilat-
eral snake DA(Q,,) is strongly*-graph.

Proof. Let DA(Q,) be the alternate
double quadrilateral snake obtained from
a path P, with consecutive vertices
{uy,us,...,u,} by joining u; and u;q
(alternatively) with four new vertices vj,
wj, v; and w; by the edges w;v;, w15,
vjwj, uivé-, ui+1w3 and vé-w}, 1<i<n
and 1 <j < [3].

To define vertex labeling function f :
V(DA(Q.) = {1,2,....|V(DAQ.))]}
we consider the following cases.

Case 1: Quadrilateral in DA(Q),) starts

from u;.

Note that [V(DA(Qn))] =
3n, if n is even.
3n —2, if nis odd.

and  [E(DAQ))] -
4n — b, if n is even.
{4(n — 1), if nis odd.
flu))=3i—2,1<i<n.

f(vj) =06j —4,

W :6—3, .
jzgv,;: 6j 1<j< ng.
f(wj) =65 =1,

In this case strongly*-labeling of DA(Q),)
is shown in Figure 10.

Case 2: Quadrilateral in DA(Q),) starts
from us.

Subcase 1: n is odd.

Defined as case-1.

Subcase 2: n is even.

Note that |V(DA(Q,))] = 3n — 4 and
|[E(DA(Qn))| = 4n —T7.

fluw) = 1.

flu;)) =3i—4,2<i<n.

Page | 243


www.ijaers.com

[Vol-3, Issue-9, Sep- 2016]

International Journal of Advanced Engineering Research and Science (IJAERS) ISSN: 2349-6495(P) — 2456-1908(0)
w;) = 6j — 2, n
ﬁ ,J;_ N SEFEIE]]
Uj =0J )
f(wj) = 65,

In this case strongly*-labeling of DA(Q,)
is shown in Figure 11.

It can be easily observed that if ver-
tex labels are strictly increasing then the
produced edge labels are also increas-
ing. That means the edge labels pro-
duced are all distinct. Hence above de-
fined labeling pattern satisfies the condi-
tions of strongly *-labeling. i.e. DA(Q),)
is strongly*-graph. [

ITI. FIGURES
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Fig. 11

IV. CONCLUSION

It has been proved that all cycles and
paths admit labeling specific manner pro-
duces specific snakes-type graphs. It is in-
trusting to see whether these combination
admit strong * labeling or not.
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